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Derivative characterization — multiple variables

A function of  variables has  possible second derivatives: 

Hessian matrix collects them: 

A function  is concave if, and only if,  is negative semi-definite for all values 

If  is negative definite then  is strictly concave.

→ We will cover negative semi-definiteness in ECON526

𝑛 𝑛2 𝜕 2𝑓(𝑥)

𝜕𝑥𝑖𝜕𝑥𝑗
=

𝜕( 𝜕𝑓(𝑥)
𝜕𝑥𝑖

)
𝜕𝑥𝑗

𝐻(𝑥) = [ 𝜕 2𝑓(𝑥)
𝜕𝑥𝑖𝜕𝑥𝑗

]
𝑖,𝑗

𝑓 𝐻(𝑥) 𝑥

𝐻(⋅) 𝑓
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Optimization with equality
constraints
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Lagrangian as a Bordered Hessian

The first-order conditions are:

These are the necessary conditions for the optimum. To derive sufficient conditions, we

define a bordered Hessian:

Λ𝑥 = 𝑓𝑥(𝑥∗, 𝑦∗) − 𝜆∗𝑔𝑥(𝑥∗, 𝑦∗) = 0.

Λ𝑦 = 𝑓𝑦(𝑥
∗, 𝑦∗) − 𝜆∗𝑔𝑦(𝑥

∗, 𝑦∗) = 0.

Λ𝜆 = 𝑐 − 𝑔(𝑥∗, 𝑦∗) = 0.

𝐻 =

⎡

⎣

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢

0 𝑔𝑥 𝑔𝑦
𝑔𝑥 𝑓𝑥𝑥 − 𝜆𝑔𝑥𝑥 𝑓𝑥𝑦 − 𝜆𝑔𝑥𝑦
𝑔𝑦 𝑓𝑥𝑦 − 𝜆𝑔𝑥𝑦 𝑓𝑦𝑦 − 𝜆𝑔𝑦𝑦

⎤

⎦

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
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Bordered Hessian augments the regular Hessian matrix of the objective function with the

gradients of the constraint functions.

When the first-order conditions above hold, then

→ if bordered Hessian is negative semi-definite,  is a constrained local

maximum

→ if bordered Hessian is positive semi-definite,  is a constrained local

minimum

Combining the first-order conditions above and assuming that the derivatives are not

zero, we get

(𝑥∗, 𝑦∗)

(𝑥∗, 𝑦∗)

𝑓𝑥(𝑥∗, 𝑦∗)

𝑓𝑦(𝑥∗, 𝑦∗)
=

𝑔𝑥(𝑥∗, 𝑦∗)

𝑔𝑦(𝑥∗, 𝑦∗)
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This together with the constraint yields two equations in the two𝑐 𝑔(𝑥∗ 𝑦∗) = 0
Relationship with the unconstrained optimization problem

The first-order conditions and second-order conditions in this constrained problem are

closely related to the corresponding conditions in the unconstrained problem studied earlier.

To show this, notice that the constraint  can be re-arranged to write  as a

function of , say

Then, by substituting it into the objective function, the objective function becomes

𝑔(𝑥, 𝑦) = 𝑐 𝑦
𝑥

𝑦 = ℎ(𝑥)

𝑓(𝑥, ℎ(𝑥))
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The original problem with two choice variables and a constraint has been reduced to a

one-variable unconstrained problem

Maximizing  with respect to , the first-order condition is

where 

Substitute this into the first-order condition to get

Collecting the terms gives:

𝑓(𝑥, ℎ(𝑥)) 𝑥

0 = 𝑓𝑥 + ℎ′𝑓𝑦

ℎ′ =
𝑑𝑦
𝑑𝑥 = −

𝑔𝑥
𝑔𝑦

0 = 𝑓𝑥 −

𝑔𝑥
𝑔𝑦

𝑓𝑦
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which is the same condition obtained under the Lagrangian. Together with the constraint

 it can be solved for .

In the same spirit, one can also show the equivalence of the second-order conditions

between this unconstrained formulation and the constrained problem, but we will omit it

here.

𝑓𝑥

𝑓𝑦
=

𝑔𝑥
𝑔𝑦

,

𝑔(𝑥, 𝑦) = 𝑐 (𝑥∗, 𝑦∗)
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Interpretation of the Lagrange multiplier

The Lagrange multiplier measures the marginal impact on the value of the objective due to

changing the constraint “a little” (marginally).

To see this, consider the change in the objective function  when the constraint  changes:

.

From the first-order conditions we have:

𝑓 𝑐
𝑑𝑓/𝑑𝑐

𝑑𝑓

𝑑𝑐
=

𝜕𝑓

𝜕𝑥

𝜕𝑥

𝜕𝑐
+

𝜕𝑓

𝜕𝑦

𝜕𝑦

𝜕𝑐



file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html


It we totally differentiate the constraint with respect to , we get

Substituting this into  gives

𝜕𝑓

𝜕𝑥
= 𝜆

𝜕𝑔

𝜕𝑥
= 𝜆𝑔𝑥

𝜕𝑓

𝜕𝑦
= 𝜆

𝜕𝑔

𝜕𝑦
= 𝜆𝑔𝑦

𝑐

𝑑𝑔

𝑑𝑐
= 𝑔𝑥

𝜕𝑥

𝜕𝑐
+ 𝑔𝑦

𝜕𝑦

𝜕𝑐
= 1

𝑑𝑓/𝑑𝑐

𝑑𝑓

𝑑𝑐
= 𝜆

8


file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html
file:///home/runner/work/math_camps/math_camps/.lectures_output/index.html


Thus the Lagrange multiplier represents the extra value of the objective that the agent
Useful references

Bergin ( )

Simon and Blume ( )

2015

1994
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